Abstract. The aim of this article is to prove Zariski density of crystalline representations in the rigid analytic space associated to the universal deformation ring of a d-dimensional mod p representation of Gal(K/K) for any d and for any p-adic field K. This is a generalization of the results of Colmez, Kisin (d = 2, K = Q p ), of the author (d = 2, any K), of Chenevier (any d, K = Q p ). A key ingredient for the proof is to construct a p-adic family of trianguline representations. In this article, we construct (an approximation of ) this family by generalizing Kisin's theory of finite slope subspace X f s for any d and for any K.
1.1. Background. Let K be a finite extension of Q p and d ∈ Z ≧1 . Let E be a sufficient large finite extension of K and O be the integer ring of E and F be the residue field of E. Let V be a F-representation of G K := Gal(K/K) of rank d, i.e. d-dimensional F-vector space with a continuous F-linear G K -action. Let C O be the category of Artin local O-algebra with the residue field F. We consider a deformation functor D V : C O → (Sets) defined by D V (A) := {equivalent classes of deformations of V over A}. We assume that End F[G K ] (V ) = F, then D V is represented by the universal deformation ring R V . Let X V be the rigid analytic space associated to R V , then the points of X V correspond to p-adic representations of G K with a mod p reduction isomorphic to V . We define the subset X V ,reg−cris theory of (ϕ, Γ)-modules over the Robba ring of affinoid. Because his construction depends on the explicit structure of (ϕ, Γ)-modules only for K = Q p , we cannot directly generalize his results for any K-case. A main feature of this article is to modify and to generalize Kisin's X f s for any K and for any d (when d = 2, we have already done this in [Na10] ) of which we explain below more precisely.
1.2. Overview. Here, we first recall briefly the definition of trianguline representations. First, the category of E-representation of G K can be naturally embedded in the category of E-B-pairs of G K . For an E-representation V , we denote by W (V ) the associated E-B-pair. We say that V is a split trianguline E-representation if W (V ) can be written as a successive extension of rank one E-B-pairs, i.e. there exists a filtration T : 0 ⊆ W 1 ⊆ W 2 ⊆ · · · ⊆ W d = W (V ) ( we call T a triangulation of V ) by E-B-pairs W i such that W i /W i−1 are rank one E-B-pairs for any i. Rank one E-B-pairs can be classified by the set of continuous homomorphisms δ :
, [Na09] ). For a continuous homomorphism δ : K × → E × , we denote by W (δ) the rank one E-B-pair defined by δ. By the definition of T , there exists a set
for any i, which we call the parameter of T . Therefore, to construct a p-adic family of trianguline representations, we first need to construct a universal p-adic family of continuous homomorphisms δ : K × → E × , which we now recall the definition. Let T and W be the rigid analytic spaces over E which represent the functor T (A) 
). In [Na10] , we modified and generalized Kisin's X f s for any K,i.e. twisting by a universal character, we constructed X f s as a Zariski closed subspace of X V × E T instead of X V × E G an m/E . In this article, we generalize the construction of [Na10] for any d, we construct X f s (which we denote by E V ) as a Zariski closed subspace of Z := X V × E T ×(d−1) . Let V ′ be a split trianguline E ′ -representation with a triangulation T whose parameter is
such that [V ] ∈ X V for a finite extension E ′ of E. From the pair (V, T ), we define an E ′ -rational point z (V,T ) := ([V ], δ 1 , δ 2 , · · · , δ d−1 ) ∈ Z(E ′ ). The key main theorem of this article is the following (for more precise statements, see corollary 3.4, proposition 3.6, theorem 3.9) Theorem 1.2. There exists a Zariski closed subspace E V of Z satisfying the following (1) and (2).
(1) For any point z = ([V ], δ 1 , · · · , δ d−1 ) ∈ E V (E ′ ) and for any embedding σ : K ֒→ E, the σ-part of Hodge-Tate polynomial of V is equal to
is the reciprocity map ). (2) If (V, T ) as above satisfies the following conditions (i) and (ii) and (iii),
′ , (ii) For any i < j, δ j /δ i = σ∈P σ kσ for any {k σ } σ∈P ∈ σ∈P Z ≦0 , (iii) For any i < j, δ i /δ j = |N K/Qp | p σ∈P σ kσ for any {k σ } σ∈P ∈ σ∈P Z ≧1 , then the point z (V,T ) ∈ Z defined above is contained in E V . Moreover, if V satisfies one of the following additional conditions (iv), (v), (iv) V is potentially crystalline and
is a free of rank one K 0 ⊗ Qp E-module for any 1 ≦ i ≦ d − 1, (v) For any 1 ≦ i ≦ d − 1 and for any 1 ≦ l 1 < l 2 < · · · < l i ≦ d such that (l 1 , · · · , l i ) = (1, 2, · · · , i), we have ( i j=1 k l j ,σ − i j=1 k j,σ ) ∈ Z ≦0 for any σ ∈ P, where we define k i,σ :=
then E V is smooth at z (V,T ) of dimension [K :
The idea for the construction of E V is to generalize Kisin's construction by using a technique of exterior product ( [BeCh09] , see proposition 3.10) and using the results of [Na09] and [Na10] . If V is a split trianguline E representation as above. Letδ i : G ab K → E × be the continuous character defined bỹ ϕ f = i j=1 δ j (π K ) are non-zero for any 1 ≦ i ≦ d − 1" . We construct E V as a subspace of Z essentially parametrizing the points z = (V, δ 1 , · · · , δ d−1 ) with this property (*) (and the property (1) of theorem 1.2).
Concerning to Zariski density of crystalline points in E V , we prove the following theorem (theorem 3.15). The main theorem 1.1 follows from these two theorems 1.2, 1.3 and from the deformation theory of trianguline (in particular, generic crystalline or benign) representations developed in [Ch09b] and [Na10] . For the proof of theorem 1.3, we need to prove that, oppositely, if a point z = ([V ], δ 1 , · · · , δ d−1 ) ∈ E V satisfying the condition (*) above ( and some conditions on
) then V is a split trianguline and crystalline. This problem was pointed out to the author by Chenevier. Concerning to this problem, we prove some propositions (see proposition 3.13, proposition 3.14) by using slope arguments, which the author thinks important in the study of eigenvarieties.
Finally, we remark that we can regard this paper as the case of the pair (GL n , B n , T n ) where B n is the subgroup of upper triangular matrices and T n is the subgroup of diagonal matrices, the author thinks that to generalize the main theorem for the pair (G, B, T ) (where G is a reductive group and B is a Borel subgroup of G and T is a maximal torus contained in B) is also an interesting problem, which the author will study in future works.
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Notation. Let p be a prime number. K be a finite extension of Q p , K be the algebraic closure of K, K 0 the maximal unramified extension of Q p in K, K nor the Galois closure of K in K. Let G K := Gal(K/K) be the absolute Galois group of K equipped with pro-finite topology. O K is the ring of integers of
for any p n -th roots of unity and for any g ∈ G K ). Let C p :=K be the p-adic completion of K and O Cp be its ring of integers. We denote by v p the normalized valuation on C
p be the norm and we define by
In this paper, we use the notation E as a coefficient field of representations. We denote by P := {σ : K ֒→ K} = {σ : K ֒→ E} the set of Q p -algebra homomorphisms
E be the Lubin-Tate character associated with the fixed uniformizer π K . Let rec K : K × → G ab K be the reciprocity map of local class field theory such that rec K (π K ) is a lifting of the inverse of q-th power Frobenius on k,
Review of B-pairs and trianguline representations
In this section, we recall the definition of B-pairs and trianguline representations and then recall some of their fundamental properties which we will use in later sections (see [Be08] or [Na09] , [Na10] for more details). Proof. See proposition 2.15 of [Na10] Remark 2.4. This bijection is compatible with local class field theory, i.e. for any characterδ :
Remark 2.5. For any λ ∈ A × , we define a continuous homomorphism δ λ :
Definition 2.6. Let W be an A-B-pair of rank d. We say that W is a split trianguline A-B-pair if there exists a filtration
are A-B-pairs for any i and that W i /W i−1 are rank one A-B-pairs for any i. We call T an A-triangulation of W . We say that the set
In [BeCh09] and [Ch09b] (K = Q p -case) and in [Na10] (any K-case), we study deformation theory of trianguline B-pairs (or trianguline (ϕ, Γ)-modules over the Robba ring), which we review below.
Let V be an E-representation of rank d and A ∈ C E . We say that the pair (V A , ψ A ) is a deformation of V over A if V A is an A-representation and ψ A :
Next, we consider the pair (V, T ) where V is a split trianguline E-representation with a triangulation
If D V and D V,T are represented by R V and R V,T , then this morphism is given by a map R V → R V,T , which is surjection in many cases. For the representability and other properties of D V,T , we have the following proposition.
Proposition 2.7. Let V be a split trianguline E-representation with a triangulation T whose parameter is
. We assume that (V, T ) satisfies the following conditions,
Proof. See [BeCh09] and corollary 2.30, lemma 2.48 and proposition 2.39 of [Na10] .
Next, we recall some relations between crystalline representations and trianguline representations. Let V be a crystalline E-representation of rank d. G K be the filtered ϕ-module associated to V , which is a finite free K 0 ⊗ Qp E-module of rank d. We assume that the eigenvalues of
this does not depend on the choice of σ) satisfies that α i = α j for any i = j. Moreover, we assume that ( or making E sufficiently large so that )
(whose filtration is induced from that on D cris (V )) for any 1 ≦ i ≦ d. By the equivalence between the category of E-filtered ϕ-modules and the category of crystalline E-B-pairs (see [Be08] or [Na09] , [Na10] ), we obtain triangulations
We recall the definition of benign representation in [Na10] (or generic crystalline representation in [Ch09b] ) whose deformation theoretic property plays a crucial role in the proof of the main theorems of this article. Let {k 1,σ , k 2,σ , · · · , k d,σ } σ∈P be the Hodge-Tate weight of V such that k 1,σ ≧ k 2,σ ≧ · · · ≧ k d,σ for any σ ∈ P, in this article we define Hodge-Tate weight of the p-adic cyclotomic character χ p :
Definition 2.8. Let V be a crystalline representation satisfying all the above conditions. We say that V is benign if V satisfies the following conditions,
If V is benign, then (V, T τ ) satisfies all the properties in proposition 2.7 for any τ ∈ S d , hence the functor D V is represented by R V and the functors D V,Tτ are represented by R V,Tτ which are quotients of R V . For R * = R V , R V,Tτ , we define the tangent space of R * by
where m R * is the maximal ideal of R * . Hence, we obtain a natural inclusion
The following theorem is a crucial theorem for the proof of the main theorems of this article, which was first discovered by Chenevier (theorem 3.19 of [Ch09b] ).
Theorem 2.9. Let V be a benign representation of rank d, then we have an equality
Proof. See theorem 3.19 of [Ch09b] and theorem 2.61 of [Na10] .
Construction of finite slope subspace
This section is the technical heart of this article. We generalize Kisin's construction of finite slope subspace X f s (chapter 5 of [Ki03] ) for any dimensional case and for any p-adic field case.
Let X be a separated rigid analytic space over E in the sense of Tate. For a point x ∈ X, we denote by E(x) the residue field of X at x, which is a finite extension of E. We recall some terminologies which are used in [Ki03] . We say that an admissible open set U ⊆ X is scheme theoretically dense in X if there exists an admissible affinoid covering
, we denote by X f := {x ∈ X|f (x) = 0} the Zariski open in X on which f does not have zero.
For any finite free O X -module M with a continuous O X -linear G K -action, we denote by M(x) the fiber of M at x, which is an E(x)-representation of G K and we denote by M ∨ the O X -dual of M. For such M, we can define Sen's polynomial
which is a monic polynomial of degree n (where n is the O X -rank of M) such that, for any x ∈ X, P M (T )(x) the fiber at x is equal to
can be written as
X be an invertible function on X. Under this situation, we prove the following theorem, which is the generalization of proposition 5.4 of [Ki03] or theorem 3.9 of [Na10] for any dimensional and any p-adic field case.
Theorem 3.1. Under the above situation, there exists unique Zariski closed sub space X f s ⊆ X satisfying the following conditions (1) and (2).
(1) For any 1 ≦ i ≦ d and σ ∈ P and j ∈ Z ≦0 , the subset
and factors through X Q i,σ (j) for any 1 ≦ i ≦ d and σ ∈ P and j ∈ Z ≦0 , the following conditions (i) and (ii) are equivalent.
For some notation which we use in this proof, see [Na10] . The proof of uniqueness is same as that of proposition 5.4 of [Ki03] or theorem 3.9 of [Na10] .
By the same argument as in [Ki03] or [Na10] , it suffices to construct X f s when X = Spm(R) is an affinoid which satisfies
is an E-Banach norm on R. Then, we construct X f s as follows. For any 1 ≦ i ≦ d and λ i ∈ E such that |Y
we take a finite Galois extension E ′ of E which contains λ i and take a sufficiently large integer k such that the natural map
is injection with a closed image for any σ ∈ P (this is possible by corollary 3.5 of [Na10] ). Let U i,σ be the cokernel of this map, then U i,σ is also an E ′ -Banach space and we fix an orthonormalizable basis {e i,σ,j } j∈Jσ of U i,σ . Then, for any R-linear
the composition of h with
and the natural quotient map
where P (x,
whose convergence is proved in the proof of theorem 3.9 of [Na10] . Then, for any m ∈ M ∨ i , we can write uniquely as
Finally, we define the smallest ideal I ′ so that I ′ contains I and the natural map
] is injection for any 1 ≦ i ≦ d and σ ∈ P and j ∈ Z ≦0 . Then, the closed sub variety Spm(R/I ′ ) satisfies the conditions (1) and (2), which we can prove in the same way as in the proof of proposition 5.4 of [Ki03] or theorem 3.9 of [Na10] .
Next, we prove a proposition concerning to some important properties of X f s , which is a generalization of proposition 5.14 of [Ki03] and proposition 3.14 of [Na10] .
Proposition 3.2. In the above situation, let U = Spm(R) be an affinoid open of X f s which is Y i -small for any 1 ≦ i ≦ d. Let k ∈ Z ≧1 be a sufficiently large integer such that, for any σ ∈ P and 1 ≦ i ≦ d, there exists a short exact sequence,
→ 0 for a Banach R-module with property (Pr) U i,σ (this is possible by proposition 3.7 of [Na10]), then the following hold.
(1) For any 1 ≦ i ≦ d and σ ∈ P, the natural injection
(3) For any point x ∈ Spm(R) and for any 1 ≦ i ≦ d and σ ∈ P, (B
Proof. The proof is essentially same as that of proposition 3.14 of [Na10] . First we prove (1). By the definition of X f s , we have an equality
for any x ∈ Spm(R) such that Q i,σ (j)(x) = 0 for any σ ∈ P and 1 ≦ i ≦ d and j ∈ Z ≦0 , where we denote by R x the localization of R at m x . Hence it suffices to show that the natural map R → x∈V,n≧1 R x /m n x is injection where we define
Let f ∈ R be an element in the kernel of this map. If we denote by W the support of f in Spm(R), then we have W ⊆ ∪ σ∈P,1≦i≦d,j∈Z ≦0 V (Q i,σ (j)), where, for any Q ∈ R, we denote by V (Q) the reduced closed subspace of Spm(R) such that V (Q) = {x ∈ Spm(R)|Q(x) = 0}. Then, by lemma 5.7 of [Ki03] , there exists a Q which is a finite product of
]. Because Spm(R) Q is scheme theoretically dense in Spm(R), then we have f = 0, this proves (1).
Next we prove (2). First, we show that if
which is a one dimensional E(x)-vector space by corollary 2.6 of [Ki03] , on the other hands this is zero because H i,σ ⊆ m x and by the definition of H i,σ , this is a contradiction. Hence, by the same argument as in the proof of (1), there exists Q which is a finite product of
. By the definition of X f s , this shows that Spm(R) \ V (H) is scheme theoretically dense in Spm(R) and then Spm(R) \ V (H i,σ ) are also scheme theoretically dense. Using (2), we can prove (3) in the same way as that of proposition 3.14 of [Na10] .
We apply theorem 3.1 to the following set up. Let V be an
for any A ∈ C O . In this paper, for simplicity we assume that V satisfies that
Under this assumption, the functor D V is pro-represented by the universal deformation ring R V . Let V univ be the universal deformation of V over R V . Let X V be the rigid analytic space over E associated to the formal O-scheme Spf(R V ). Then, V univ naturally defines a finite free O X V -module M of rank d with a con-
be the determinant character of M. We also write by the same letter the continuous homomorphism det(M) :
Next we recall the definition of weight space for K. Let W and T be the functors from the category of rigid analytic spaces over E to the category of abelian groups defined by 
We denote the projections by
be the universal homomorphism of the functor W, which is equal to the composition of the canonical map
Because, for any E-affinoid algebra A, any continuous homomorphism δ :
, hence for any rigid analytic space X ′ over E and for any continuous homomorphism δ :
Here, we prove a proposition concerning to Hodge-Tate weight of E(δ) for any continuous characters δ :
Proposition 3.3. Let A be an affinoid over E and let δ : G ab K → A × be a continuous character. Then, the σ-part of Hodge-Tate weight of δ is equal to
Proof. Let δ : G ab K → A × be a continuous character. Because twisting by a unramified character does not change Hodge-Tate weight, we may assume that δ(rec K (π)) = 1. By the universality of W, then there exists a morphism f :
| x=1 and Hodge-Tate weight of δ are compatible with base change, so it suffices to show that the σ-part of Hodge-Tate weight ofδ univ W is equal to
| x=1 at any points of W 0 because, for any {k σ } σ∈P ∈ σ∈P Z, the character σ∈P σ(χ LT ) kσ is a crystalline character with Hodge-Tate weights {k σ } σ∈P by the result of Fontaine. Because W 0 is Zariski dense in W by lemma 2.7 of [Ch09a] , hence a σ is equal to
| x=1 on W, which proves the proposition.
. Then, any point z ∈ Z can be written as z = (x, δ 1 , · · · , δ d−1 ) where x ∈ X V and δ i :
be the projections. We denote by N := p
For any 1 ≦ i ≦ d − 1, we define a continuous character
and define
hold on Z 0 for any σ ∈ P, i.e. if we denote by
then Z 0 is defined by the ideal generated by {a i,σ } 0≦i≦d−1,σ∈P . For any 1 ≦ i ≦ d−1, let ∧ i N be the i-th wedge product of N over O Z . On Z 0 , the σ-part of Hodge-Tate polynomial of
| x=1 by proposition 3.3. Hence, we can apply theorem 3.1 to this situation, precisely we obtain the following corollary.
Corollary 3.4. Under the above situation, there exists a unique Zariski closed subspace
satisfying the following conditions (1) and (2).
(1) For any 1 ≦ i ≦ d − 1 and σ ∈ P and j ∈ Z ≦0 , E V ,Q i,σ (j) is scheme theoretically dense in E V .
(2) For any E-morphism f : Spm(R) → Z 0 which is Y i -small for all 1 ≦ i ≦ d − 1 and factors through Z 0,Q i,σ (j) for any 1 ≦ i ≦ d − 1 and σ ∈ P and j ∈ Z ≦0 , the following conditions (i) and (ii) are equivalent.
′ is a split trianguline E ′ -representation with a triangulation
We denote by
Moreover, by Galois descend, all these are in fact defined over E(z)(⊆ E ′ ), i.e. the E ′ -triangulation T x descend to an E(z)(⊆ E ′ )-triangulation of V x ⊗ E(x) E(z) with the same parameter. Hence, in this article, if we write z := z (Vx,Tx) ∈ Z 0 , we always assume that V x is a split trianguline E(z)-representation with a E(z)-triangulation T x . Proposition 3.6. Let (V x , T x ) be a couple as above which satisfies the following conditions (put z := z (Vx,Tx) ),
Proof. First, by Lemma 3.10 of [Na10] (we can prove this lemma in d-dimensional case in the same way), we may assume that E(z) = E. We prove this proposition under this assumption. By the conditions (0) and (1) and by proposition 2.34 of [Na10] , D Vx and the trianguline deformation functor D Vx,Tx are represented by R Vx and by R Vx,Tx respectively. We denote by V univ x the universal deformation of V x over R Vx and
Because we have canonical isomorphismsÔ
by proposition 9.5 of [Ki03] , we can define a morphism
for any n ≧ 1 where m ⊆ R z is the maximal ideal. We show that f n also factors thorough E V for any n, which proves this proposition because the point of Z 0 determined by f 1 is equal to z. We note that R z is formally smooth over E, in particular is a domain by the condition (2) and by proposition 2.36 by [Na10] . We take an affinoid neighborhood Spm(R) of z ∈ Z 0 as in the proof of theorem 3.1. Then, by the proof of theorem 3.1, it suffices to show the following lemma.
Lemma 3.7. Under the above situation, the following hold.
(1) For any 1 ≦ i ≦ d − 1 and σ ∈ P and j ∈ Z ≦0 , Q i,σ (j) is nonzero in R z .
(2) For any 1 ≦ i ≦ d − 1 and σ ∈ P and k ∈ Z ≧1 , the natural map
Proof. If we can prove (i), then (ii) can be proved in the same way as in the proof of proposition 2.8 of [Ki03] . We prove (i). Because the σ-part of Hodge-Tate weight of f * n (N) is
Therefore, it suffices to show the following lemma.
Lemma 3.8. For any
is not constant, i.e. not contained in E.
Proof. For any continuous homomorphism
for any A ∈ C E . Then, D δ is represented by R δ which is formally smooth over E of dimension [K :
δ the universal deformation of δ, then the σ-part of Hodge-Tate weight
| x=1 ofδ univ is not constant by lemma 3.19 of [Na10] .
For any 1
We define a morphism of
where the parameter of A-triangulation T A is {δ j,A } d j=1 . We claim that this morphism is formally smooth, which proves the lemma because then (
| x=1 ) where f * (j 1 ,··· ,j i ) : R δ (j i ,··· ,j i ) ֒→ R Vx,Tx is the map induced by f (j 1 ,··· ,j i ) which is injection by the formally smoothness of f (j 1 ,··· ,j i ) . We prove the claim. Let A be an object of C E and I ⊆ A be an ideal of A such that I 2 = 0 and let (V A/I , ψ A/I , T A/I ) ∈ D Vx,Tx (A/I) and δ A ∈ D (j 1 ,··· ,j i ) (A) such that ( . Because D δ is formally smooth, we can take liftings δ i,A :
= 0 for any i < j by the condition (ii) and proposition 2.9 of [Na10], the natural map [Ke08] . This proves the formally smoothness of f (j 1 ,··· ,j i ) .
Next, we prove that the local structure of E V at z (Vx,Tx) can be described in terms of the trianguline deformation D Vx,Tx .
Theorem 3.9. Let z := z (Vx,Tx) be a point of E V satisfying all the conditions in proposition 3.6. If (V x , T x ) satisfies one of the following additional conditions (1) or (2),
(1) V x is potentially crystalline and
is a free of rank one K 0 ⊗ Qp E-module for any
for any σ ∈ P, where we define k i,σ :=
Proof. First, we claim that
which is naturally defined from ∧ i (T ) by lemma 3.8 of [Na10] , it suffices to show that D 0 is at most rank one. This is trivial in the case of (1). In the case of (2), we assume that D 0 is not rank one, then if we denote by W ′ the cokernel of the natural injection W (δ (
This implies that W ′ has a Hodge-Tate weight {k σ } σ∈P (k σ ≦ 0), but, for any σ, any Hodge-Tate weights of W ′ are of the form (
, 2, · · · , i} which are not negative integer by the assumption, which is a contradiction. We finish the proof of the claim.
Next, we begin the proof of this theorem, as in the proof of Proposition 3.6, we may assume that E(z) = E. By the proof of proposition 3.6, we have already showed that there exists a natural local morphism
We construct the inverse as follows. Let Spm(R) ⊆ E V be an affinoid neighborhood of z which is Y i -small for any 1 ≦ i ≦ d − 1, this is possible because z is an Erational point so we have Y i (z) ∈ E and we can take Spm(R) such that |
−1| < 1 on Spm(R). We take a sufficiently large k ∈ Z ≧1 such that, for any σ ∈ P and 1 ≦ i ≦ d − 1, there exists a short exact sequence of Banach R-modules with property (Pr)
with property (Pr). By proposition 3.2, we have isomorphisms
for any σ ∈ P and 1 ≦ i ≦ d − 1 and if we put
and H := 1≦i≦d−1,σ∈P H i,σ , then Spm(R) \ V (H) and Spm(R) \ V (H i,σ ) are scheme theoretically dense in Spm(R). Under this situation, we denote byT the blow up of Spm(R) along the ideal H and denote by f :T → Spm(R) the canonical projection. We show that, for anyz ∈T such that f (z) = z, N ⊗ O Z OT ,z /m ñ z is a trianguline deformation of (V x ⊗ E E(z), T x ⊗ E E(z)) over OT ,z /m ñ z for any n ∈ Z ≧1 . To prove this claim, by the above claim, we first note that
is a free K 0 ⊗ Qp E(z)-module of rank one and
By the definition of blow up, there exists a non zero divisor h i,σ ∈ÔT ,z such that H i,σÔT ,z = h i,σÔT ,z for any 1 ≦ i ≦ d − 1 and σ ∈ P. Then, by the definition of H i,σ , for any 1 ≦ i ≦ d − 1 and σ ∈ P, there exists a
is non zero, where the isomorphism
. From these facts and from the condition (1), we can show (by 
, so the natural map R Vx →ÔT ,z factors through R Vx,Tx →ÔT ,z . This shows that the natural map R Vx →Ô E V ,z sends the kernel of the quotient map R Vx → R Vx,Tx to the kernel of the natural map
Because g is injection by lemma 10.7 of [Ki03] and by by proposition 3.2 (2), the natural map R Vx →Ô E V ,z also factors thorough R Vx,Tx →Ô E V ,z . We can check that this gives the desired inverse map. The last statement of the theorem follows from proposition 2.39 of [Na10] .
The following proposition is a generalization of theorem 2.5.6 of [BeCh09] for any p-adic field case.
Proposition 3.10. Let V be a split trianguline E-representation of rank d with a triangulation
. We assume that (V, T ) satisfies one of conditions (1) or (2) of Theorem 3.9. Let A ∈ C E and V A be a deformation of V over A and, for any 1 ≦ i ≦ d, δ i,A : K × → A × be a continuous homomorphism which is a lift of δ i satisfying the following conditions.
(1) For any
is isomorphism.
. Proof. The proof is of course essentially same as that of [BeCh09] , but we give the proof here for the convenience of readers. We put
By the claim in the proof of the above Theorem, we have
then by induction on the length of A, we can also show that
From this and the condition (
A is an A-filtered ϕ-module, hence by the condition (2) and lemma 2.22 of [Na10] , there exists an A-saturated inclusion
Twisting this injection by i j=1δ j,A , we obtain an A-saturated injection
which is naturally induced by ∧ i T . Using these facts, we show by induction that there exists an A-saturated sub A-B-pair W i,A of W (V A ) such that W j,A is a sub Asaturated A-B-pair of W j+1,A and W j+1,A /W j,A ∼ → W (δ j+1,A ) for any 1 ≦ j ≦ i − 1 and that the image of inclusion
, we obtain a following short exact sequence of A-B-pairs,
. Under this situation, we claim that the map W ( j ) has a Hodge-Tate weight {k σ } σ∈P (k σ ∈ Z ≦0 ), which contradicts the condition (2).
By this claim, the map W (
A satisfies all the desired properties, which proves the proposition.
We define a morphism f 0 :
the composition of f 0 with the canonical immersion E V ֒→ Z.
Proposition 3.11. Let z := z (Vx,Tx) be a point of E V satisfying all the conditions in theorem 3.9. Then, f is smooth at z.
Proof. By theorem 3.9, we have an isomorphism O E V ,z ∼ → R Vx,Tx . Moreover, we have the following natural isomorphism
is the universal deformation ring defined in the proof of lemma 3.8. If we identify D Vx,Tx (A) = Spf(R Vx,Tx )(A) and
for any A ∈ C E(z) , the local morphism at z induced by f is equal to the morphism
whose A-valued points for any A ∈ C E(z) are given by
is the parameter of T A . We claim that this morphism is formally smooth. Let A ∈ C E(z) and I ⊆ A be an ideal such that Im A = 0. Let (V A/I , ψ A/I , T A/I ) ∈ D Vx,Tx (A/I) and (δ
3,A/I )). Repeating this procedure inductively, we obtain a trianguline A-B-pair W A with a triangulation
i,A/I )). This shows that f z is formally smooth. Because this property is preserved by base change of the base field E, f is smooth at z by proposition 2.9 of [BLR95] .
Let (V x , T x ) be as in the above proposition such that z (Vx,Tx) is an E-rational point of E V . We denote by {k 1,σ , k 2,σ , · · · , k d,σ } σ∈P the Hodge-Tate weight of
Take a sufficiently large k such that
(1) For any 1 ≦ i ≦ d − 1 and σ ∈ P, there exists a following short exact sequence of Banach R-modules with property (Pr),
We fix k which satisfies the above conditions. We define a subset
The following proposition is a crucial proposition to prove that the subset consisting of crystalline representations is (locally) Zariski dense in E V .
Proposition 3.12. Under the above situation, let z :
′ is a crystalline and split trianguline E(z)-representation with a triangulation T ′ whose parameter is {δ
First, by the definition of U and by proposition 3.2, we have an isomorphism
we have Q i,σ (j)(z) = 0 for any σ ∈ P and 1 ≦ i ≦ d − 1 and −k ≦ j ≦ 0. Hence, by corollary 2.6 of [Ki03] , the natural base change map is an isomorphism
and this is one-dimensional over E(z) for any σ and i. The natural map
is an injection by the definition of U. From these facts, the natural map
is an isomorphism for any σ ∈ P and 1 ≦ i ≦ d−1. From this isomorphism and because f (z) ∈ W ×d k , we can check that
Hence, by lemma 2.21 of [Na10] , we obtain a saturated injection
and, twisting this by i j=1δ ′ j , we obtain a following saturated injection
for any 1 ≦ i ≦ d−1. Then, by proposition 3.13 below, V ′ is split trianguline E(z)-representation with a triangulation
. To finish the proof, it suffices to show that W ′ i is crystalline for any 1 ≦ i ≦ d by induction on i. By lemma 3.14 below, it suffices to check that the parameter {δ
satisfies the conditions (1) and (2) in this lemma. For (1), it is trivial by the definition of
satisfies (1), (2) of lemma 3.14, hence V ′ is crystalline.
Proposition 3.13. Let z := (V, δ 1 , · · · , δ d−1 ) ∈ Z 0 be a point which satisfies the following conditions (1) and (2), then V is a split trianguline E(z)-representation with a triangulation T whose parameter is
(2) One of the following conditions holds,
(ii) All k i,σ are integers and , if we put
Proof. First, by the condition (1) for i = 1, we have a saturated injection W (δ 1 ) ֒→ W (V ). We put W 1 ⊆ W (V ) the image of this injection. By induction on i, we show that we can take a filtration 0
. We assume that we can take 0 ⊆ W 1 ⊆ · · · ⊆ W i−1 ⊆ W (V ) satisfying all the above conditions. If we put W ′ the cokernel of the injection W i−1 ⊆ W (V ) and if we take i-th wedge product, we obtain a following short exact sequence of E(z)-B-pairs,
First, we prove this claim under the condition (i) of (2). In this case, if ι is not zero, then this is injection because W ( i j=1 δ j ) is rank one. Then, by proposition 2.14 of [Na09] , the saturation of the image of ι is isomorphic to
But, because z ∈ Z 0 and the Hodge-Tate weights of W i−1 is {k 1,σ , · · · , k i−1,σ } σ∈P , any σ-part of Hodge-Tate weights of W ′′ are equal to i l=1 k j l ,σ for some 1 ≦ j 1 < · · · < j i ≦ d such that {1, 2, · · · , i} = {j 1 , · · · , j i }, this contradicts to the condition (i), hence ι must be zero.
Next, we prove the claim under the condition (ii). We assume that ι is not zero. Because W ′′ is a successive extension of
′ for some 0 ≦ j ≦ i − 2 and for some {k σ } σ∈P ∈ σ∈P Z ≧0 . Because, any σ-part of HodgeTate weight of W ′′ is equal to
the smallest slope (which we denote by s
On the other hands, because we have an injection W (
v 0 by corollary 1.6.9 of [Ke08] . Because all the slopes of W i−1 are positive or zero by corollary 1.6.9 of [Ke08] , then the smallest slope s
v 0 by remark 1.7.2 of [Ke08] . Hence, we obtain an inequality
this is a contradiction, hence ι must be zero. We finish to prove the claim in both cases.
This claim implies that the given injection W (
′ , we obtain a following short exact sequence,
and we can check that W i satisfies the desired properties. By induction, we finish to prove this proposition.
Lemma 3.14. Let W be a split trianguline E-B-pair of rank d with a triangulation
satisfies the following conditions (1) and (2), then W is crystalline.
(
σ∈P Z ≧1 . Proof. We prove this lemma by induction on the rank of W . If W is rank one, the condition (1) implies that W = W (δ 1 ) is crystalline. We assume that W is of rank d and W d−1 is crystalline. Then we claim that the natural injection H
is bijection, which proves that W is crystalline ( where for any B-pair W , H 1 f (G K , W ) is Bloch-Kato cohomology of W defined in definition 2.4 of [Na09] ). We prove this claim by computing the dimensions of both E-vector spaces. First we have H 2 (G K , W (δ i /δ d )) = 0 for any 1 ≦ i ≦ d−1 by the condition (2) and proposition 2.9 of [Na10] .
by Euler-Poincaré formula (theorem 2.8 of [Na10] ). On the other hands, because
by proposition 2.7 of [Na09] .
. We finish to prove the claim, hence we finish to prove the lemma.
We define two subsets X V ,reg−cris and X V ,b of X V by
′ is benign for a finite extension E ′ of E(x) and T τ satisfies the condition (1) of theorem 3.9 for any τ ∈ S d } From the above proposition, we can prove the following theorem, which states Zariski density of crystalline points in E V .
Theorem 3.15. Let z (Vx,Tx) ∈ E V be an E-rational point satisfying all the conditions in theorem 3.9. Then, for any admissible open neighborhood U ⊆ E V of z (Vx,Tx) , there exists a smaller admissible open neighborhood U ′ ⊆ U of z (Vx,Tx) such that the subset defined by
Proof. If we use proposition 3.11 and proposition 3.12, the proof of this theorem is same as that of lemma 4.7 of [Na10] .
4. Zariski density of crystalline representations for any p-adic field
Proof. The proof is a generalization of the proof of lemma 4.12 of [Na10] . Of course, we may assume that E(x) = E. The Hodge-Tate weight τ :
of X V consisting of the points corresponding to crystalline representations with HodgeTate weight {k i,σ } 1≦i≦i≦d,σ∈P forms a Zariski closed subspace of X V corresponding to a quotient R τ V ,cris of R V by Corollary 2.7.7 of [Ki08] . We consider the universal framed deformation ring R V of (V , β), where β is a fixed F-base of V . Then, in the same way as R τ V ,cris
, we obtain a quotient R ,τ V ,cris
of R V and we have a map
which is naturally induced from the map R V → R V corresponding to the forgetting map and let U be an admissible open neighborhood of x, then there exists a point z of U whose corresponding representation is benign and satisfies the condition (1) of theorem 3.9.
Proof. We remark that, by the proof of Theorem 3.3.8 of [Ki08] , we have an isomorphismÔ X . In the same way, we can show that the subset U ′′ ⊆ U consisting of points z such that D cris (V z ) has relative Frobenius eigenvalues {α i } 1≦i≦d satisfying α i = p ±f α j ( i = j ) is also scheme theoretically dense in U, hence their intersection U ∆ ∩ U ′′ is also scheme theoretically dense in U. Next, we take an element z ∈ U ∆ ∩ U ′′ ⊆ U, then by extending scalar, we may assume that D cris (V z )
f (e i,z ) = α i,z e i,z for some α i,z ∈ E × (1 ≦ i ≦ d) such that α i,z = α j,z , p ±f α j,z for any i = j. Because O X(ρ)
,τ cris ,z is Henselian by Theorem 2.1.5 of [Berk93] , if we take a sufficiently small affinoid open neighborhood U ′ = Spm(R ′ ) of z in U ∆ ∩ U ′′ , then we have
′ e i such that K 0 ⊗ Qp R ′ e i is ϕ-stable and ϕ f (e i ) = α i e i for someα i ∈ R ′ × for 1 ≦ i ≦ d satisfying thatα i −α j ,α i − p ±fα j ∈ R ′ × for any i = j. Then, for sufficiently small U ′ and for any σ ∈ P, if we decompose is the base naturally induced from the base
For any σ ∈ P, we define A σ := (a i,j,σ ) i,j by f i,σ := d j=1 a i,j,σ e j,σ . We denote by a ∈ R the product of all k-th minor determinants of A σ for all 1 ≦ k ≦ d − 1 and σ ∈ P. By the definition of benign representations, for any z ∈ Spm(R ′ ), it is easy to see that V z is benign if and only if a(z) = 0 in E(z). Therefore, to prove the lemma, it suffices to show that Spm(R ′ ) a and Spm(R ′ ) ( i j=1αkj − i j=1αlj ) (for any 1 ≦ i ≦ d − 1 and {k 1 < k 2 < · · · < k i } = {l 1 < · · · < l i } ⊆ {1, 2, · · · , d}) are scheme theoretically dense in Spm(R ′ ), i.e. it suffices to show that a and ( We denote by X V ,reg−cris the Zariski closure of X V ,reg−cris in X V . The following theorems are the main theorems of this paper. ′ is a proper Zariski closed set of Z ′ , there exists a point x ∈ X V ,b ∩ Z ′ such that Z ′ ( and X V ) is smooth at x by lemma 4.1. By the definition of benign representation and by proposition 3.6, the point z (Vx,Tτ ) ∈ Z 0 corresponding to the pair (V x , T τ ) is contained in E V for any τ ∈ S d . We denote by Y τ the irreducible component of p −1 (X V ,reg−cris ) containing z (Vx,Tτ ) for τ ∈ S d . Because the natural morphism p| Yτ : Y τ → X V factors through Z ′ for any τ ∈ S d , we obtain a map t E V ,z (Vx,Tτ ) = t Yτ ,z (Vx,Tτ ) → t Z ′ ,x ֒→ t X V ,x for any τ ∈ S d , where the first equality follows from theorem 3.15. Hence, we obtain a map
(c σ ∈ (Z/p n ) × ) for any σ ∈ P, we have [V {a σ,i } σ,i ] ∈ X i 0 , where i 0 ≡ σ∈P b σ c σ ( mod p n ). We take a σ ∈ P and m ∈ Z, we define {a Because {i m } m∈Z runs thorough all Z/p n , this implies that X i ∩ X V ,reg−cris is non empty for any 0 ≦ i ≦ p n − 1, which proves the claim.
